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a b s t r a c t
Let D be a digraph of order n. The double vertex digraph S2(D) of D is the digraph whose
vertex set consists of all ordered pairs of distinct vertices of V (D) such that there is an arc
in S2(D) from (x, y) to (u, v) if and only if x = u and there is an arc inD from y to v, or y = v
and there is an arc in D from x to u. In this paper, we establish some relationships between
a digraph and its double vertex digraph.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
For a simple graph G (with no loops and multiple edges), in [1] the authors gave the following definition. The double
vertex graph U2(G) of G is the graph whose vertex set consists of all 2-subsets of V (G) such that two distinct vertices (x, y)
and (u, v) are adjacent if and only if |{x, y} ∩ {u, v}| = 1 and if x = u, then y and v are adjacent in G. The order and the
size of U2(G) are n(n − 1)/2 and q(n − 2), respectively, where n is the order and q is the size of G. As examples, we have
U2(K2) = K1, U2(K3) = K3, and U2(K1,3) = C6. See Fig. 1 for an example of a graph and its double vertex graph.
Recently, there have been some papers concerning this topic, for example [1–3,5,7]. In particular, paper [3] reviews the
recent results. In this paper, we extend the definition of the double vertex graph of a graph to a directed graph, and establish
some relationships between a directed graph and its double vertex directed graph.
We need some concepts and notations on directed graphs. Let D = (V (D), A(D)) denote a directed graph (or digraph)
with vertex set V (D) and arc set A(D). Loops andmultiple arcs are not permitted. Awalk of length k (or k-walk) is a sequence
v1v2 . . . vkvk+1 of vertices such that there is an arc in D from vi to vi+1 for i = 1, 2, . . . , k. The walk is a path if the vertices
v1, . . . , vk, vk+1 are distinct. The walk is closed if vk+1 = v1, and a cycle is a closed walk in which v1, . . . , vk are distinct. For
a vertex v of D, we denote by d+D (v) (respectively, d
−
D (v)) the outdegree (respectively, indegree) of v in D. For two distinct
vertices u and v of D, the distance from u to v, denoted by dD(u, v), is the length of the shortest walk from u to v. We agree
that dD(u, u) = 0 for any vertex u.
A digraph D is called Hamiltonian if it contains a cycle through all the vertices of D. A digraph D is called primitive if, for
some positive integer k, there is a walk of length exactly k from each vertex u to each vertex v (possibly u again). If D is
primitive, the smallest such k is called the exponent of D, denoted by exp(D). It is well-known that (for example see [4]) D
is primitive if and only if D is strongly connected and the greatest common divisor of all the cycle lengths of D is 1, and if
exp(D) = k, then there is a walk of length k from each vertex u to each vertex v, and thus a walk from u to v of every length
greater than k.
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Fig. 1. A 4-cycle and its double vertex graph.
Fig. 2. The directed 4-cycle and its double vertex digraph.
Fig. 3. The double directed path and its double vertex digraph.
2. Definition of the double vertex digraph of a digraph
Let D = (V , A) be a digraph of order n (n ≥ 2). The double vertex digraph, S2(D), of D is the digraph whose vertex set
consists of all ordered pairs of distinct vertices of V (D) such that there is an arc in S2(D) from (x, y) to (u, v) if and only if
x = u and there is an arc in D from y to v, or y = v and there is an arc in D from x to u.
We now give some examples of digraphs and their double vertex digraphs.
Example 2.1. The digraphs in Fig. 2 are the directed 4-cycle and its double vertex digraph.
Example 2.2. The digraphs in Fig. 3 are the double directed path of length 4 and its double vertex digraph.
In a general way, if Pn is the double directed path of length n (n ≥ 2), then the double vertex digraph, S2(Pn), of Pn satisfies
the following:
(1) S2(Pn) is a symmetric digraph with n(n− 1) vertices and 4(n− 1)(n− 2) arcs.
(2) S2(Pn) is not strongly connected, and has two strongly connected components.
(3) There is no arc in S2(Pn) such that its two vertices are in different strongly connected components of S2(Pn).
Example 2.3. The digraphs in Fig. 4 are the star D of order 4 and its double vertex digraph S2(D).
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Fig. 4. The star of order 4 and its double vertex digraph.
3. Basic properties of the double vertex digraph
In this section, we establish some basic relationships between a digraph and its double vertex digraph. The first two
theorems are clear, and we omit the proofs.
Theorem 3.1. Let D be a digraph with n vertices and q arcs. Then the double vertex digraph S2(D) of D has n(n− 1) vertices and
2q(n− 2) arcs.
Theorem 3.2. Let D be a symmetric digraph. Then the double vertex digraph S2(D) of D is also symmetric.
Theorem 3.3. Let D be a bipartite digraph. Then the double vertex digraph S2(D) of D is also a bipartite digraph.
Proof. Let D be a bipartite digraph and let A and B be the two partite sets of D. Take X = {(u, v) | u, v ∈ A, or u, v ∈ B},
and Y = V (S2(D)) \ X (that is, Y = {(u, v) | u ∈ A and v ∈ B, or u ∈ B and v ∈ A}). Clearly, X and Y are the two partite sets
of S2(D). Then S2(D) is a bipartite digraph. 
Corollary 3.4. Let D be a bipartite digraph and the two partite sets of D have m and n vertices, respectively. Then S2(D) is a
bipartite digraph and the two partite sets of S2(D) have m2 + n2 −m− n and 2mn vertices, respectively.
Corollary 3.5. Let D be a bipartite digraph and the two partite sets of D have m and n vertices, respectively. If 2mn 6=
m2 + n2 −m− n, then S2(D) is not Hamiltonian.
Theorem 3.6. Let D be the double directed cycle of order n ≥ 3. Then the double vertex digraph S2(D) of D is a bipartite digraph.
Proof. If n is even, then D is a bipartite digraph, so S2(D) is also a bipartite digraph by Theorem 3.3.
We now consider the case that n is odd. Let V (D) = {1, 2, . . . , n}. Take X = {(i, j) | 1 ≤ i < j ≤ n, i+ j is odd} ∪ {(i, j) |
1 ≤ j < i ≤ n, i+ j is even}, and Y = V (S2(D))\X . Clearly, X and Y are the two partite sets of S2(D). Then S2(D) is a bipartite
digraph. 
Note that if H is a subgraph of D, then S2(H) is also a subgraph of S2(D). The following is clear.
Corollary 3.7. Let D be a digraph of order n, and L(D) be the set of distinct cycle lengths of D. If L(D) = {2, n}, then S2(D) is a
bipartite digraph.
4. Strong connectivity of the double vertex digraph
In this section we study the relationship on strong connectivity between a digraph and its double vertex digraph. The
main theorem of this section is Theorem 4.6. We first prove the following lemma.
Lemma 4.1. Let D be a digraph, and let (u, v) and (x, y) be two vertices (not necessarily distinct) of S2(D). If there is a walk in
S2(D) from (u, v) to (x, y) with length m, then there exist walks in D from u to x, and v to y, respectively, such that the sum of
their lengths equals m.
Proof. Let P be a walk in S2(D) from (u, v) to (x, y)with lengthm. Denote P = (u, v)(u1, v1) (u2, v2) · · · (um−1, vm−1)(x, y),
u0 = u, um = x, v0 = v, and vm = y. Consider the sequence of vertices
u0u1u2 . . . um−1um. (4.1)
Y. Gao, Y. Shao / Discrete Mathematics 309 (2009) 2432–2444 2435
If there exists 0 ≤ i ≤ m − 1 such that ui = ui+1, then we delete ui from (4.1). Carry on the above-mentioned operation
again and again, we finally obtain a new sequence of vertices
ui1ui2 . . . uisum, (4.2)
where ui1 = u0 = u. It is not difficult to verify that (4.2) is a walk in D from u to x.
By a similar method, we can obtain a walk in D from v to y.
Note that for any two adjacent vertices (ui, vi) and (ui+1, vi+1), 0 ≤ i ≤ m− 1, in P , it must be that either ui = ui+1 and
vi 6= vi+1, or ui 6= ui+1 and vi = vi+1. Then the last half of the lemma holds. 
Corollary 4.2. Let D be a digraph. If S2(D) is strongly connected, then so is D.
Proof. Let u and v be any two distinct vertices ofD. If S2(D) is strongly connected, then there is a walk in S2(D) from (u, v) to
(v, u). By Lemma 4.1 there exist walks in D from u to v, and v to u, respectively. It implies that D is strongly connected. 
By Corollary 4.2, we can assume that D is strongly connected for considering the strong connectivity of S2(D).
Let D be a strongly connected digraph. Then S2(D)may be not strongly connected. As a example (or see Example 2.2), we
let D be a double directed path of length nwith vertex set V (D) = {1, 2, . . . , n}. It is easy to see that for any 1 ≤ i < j ≤ n,
there does not exist a walk in S2(D) from (i, j) to (j, i). This implies that S2(D) is not strongly connected.
A more general natural question is: Given a strongly connected digraph D, under what circumstances is S2(D) strongly
connected? In order to answer this problem, we first prove three lemmas.
Lemma 4.3. Let D be a strongly connected digraph of order n (n ≥ 3), and not the double directed path of length n. Let u, v, w
be three distinct vertices of D. Then there is a walk in S2(D) from (w, u) to (w, v).
Proof. Since D is strongly connected, for any two vertices x and y, there exist walks in D from x to y and from y to x,
respectively. Take Γ = uu1u2 . . . ukv to be the shortest path in D from u to v.
If the path Γ does not contain the vertexw, it is easy to see that the sequence of vertices
(w, u)(w, u1)(w, u2) · · · (w, uk)(w, v)
is a walk in S2(D) from (w, u) to (w, v).
We now assume that the path Γ contains the vertexw, andw = um with 1 ≤ m ≤ k. If there exists a walk in S2(D) from
(w, u) to (u, w), noticing that the sequence of vertices
(u, w)(u, um+1) · · · (u, uk)(u, v)(u1, v)(u2, v) · · · (w, v)
is a walk in S2(D) from (u, w) to (w, v), then there is a walk in S2(D) from (w, u) to (w, v). Thus we now only need to prove
that there exists a walk in S2(D) from (w, u) to (u, w). Denote u0 = u and P = uu1u2 . . . um−1w to be the shortest path in D
from u tow. Consider the following three cases.
Case 1. D is a symmetric digraph.
Then for each vertex of D, its outdegree and indegree are the same. Since D is not the double directed path, there is a
vertex y of D such that d+D (y) = d−D (y) ≥ 3.
If there is 1 ≤ i ≤ m− 1 such that d+D (ui) = d−D (ui) ≥ 3, then there is a vertex z ∈ V (D) \ V (P) such that there are arcs
in D from ui to z, and from z to ui, respectively. Thus the sequence of vertices
(w, u)(w, u1) · · · (w, ui)(w, z)(um−1, z) · · · (u1, z)(u, z)(u, ui) · · · (u, um−1)(u, w)
is a walk in S2(D) from (w, u) to (u, w).
If d+D (u) = d−D (u) ≥ 3, then there are two distinct vertices z1, z2 ∈ V (D) \ V (P) such that there are arcs in D from u to zi,
and from zi to u for i = 1, 2, respectively. Then the sequence of vertices
(w, u)(w, z1)(um−1, z1) · · · (u1, z1)(u, z1)(z2, z1)(z2, u)(z2, u1) · · · (z2, w)(u, w)
is a walk in S2(D) from (w, u) to (u, w).
If d+D (w) = d−D (w) ≥ 3, then there are two distinct vertices z3, z4 ∈ V (D) \ V (P) such that there are arcs in D fromw to
zi, and from zi tow for i = 3, 4, respectively. Then the sequence of vertices
(w, u)(z3, u)(z3, u1) · · · (z3, um−1)(z3, w)(z3, z4)(w, z4)(um−1, z4) · · · (u, z4)(u, w)
is a walk in S2(D) from (w, u) to (u, w).
If d+D (ui) = d−D (ui) = 2 for i = 1, 2, . . . ,m − 1 and there is a vertex y ∈ V (D) \ V (P) such that d+D (y) = d−D (y) ≥ 3,
letting P1 = uu′1u′2 . . . u′py and P2 = ww′1w′2 . . . w′qy be the shortest paths from u to y, and from w to y, respectively,
then {u′1, u′2, . . . , u′p, y} ∩ {u1, u2, . . . , um−1, w} = φ, or {w′1, w′2, . . . , w′q, y} ∩ {u, u1, u2, . . . , um−1} = φ. Without loss
of generality, we assume that {u′1, u′2, . . . , u′p, y} ∩ {u1, u2, . . . , um−1, w} = φ. Note that d+D (y) = d−D (y) ≥ 3. Then there are
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two distinct vertices y1, y2 ∈ V (D)\V (P1) such that there are arcs inD from y to yi, and from yi to y for i = 1, 2, respectively.
Thus the sequence of vertices
(w, u)(w, u′1) · · · (w, u′p)(w, y)(w, y1)(um−1, y1) · · · (u1, y1)(u, y1)(u′1, y1) · · · (u′p, y1)(y, y1)(y2, y1)
(y2, y)(y2, u′p) · · · (y2, u′1)(y2, u)(y2, u1) · · · (y2, um−1)(y2, w)(y, w)(u′p, w) · · · (u′1, w)(u, w)
is a walk in S2(D) from (w, u) to (u, w).
Case 2. D is not a symmetric digraph, and there is a path Q in D fromw to u such that V (P) 6= V (Q ).
Let Q = ww1w2 . . . wlu, and w′ ∈ V (P) ∪ V (Q ) but w′ 6∈ V (P) ∩ V (Q ). Without loss of generality, we assume that
w′ ∈ V (P), and sayw′ = uj, 1 ≤ j ≤ m− 1. Then the sequence of vertices
(w, u)(w, u1) · · · (w, uj)(w1, uj) · · · (wl, uj)(u, uj)(u, uj+1) · · · (u, um−1)(u, w)
is a walk in S2(D) from (w, u) to (u, w).
Case 3. D is not a symmetric digraph, and for each path Q in D fromw to u, V (P) = V (Q ).
If there exist 0 ≤ i, j ≤ m with i ≤ j − 2 such that there is an arc in D from uj to ui, letting Q1 = wv1 . . . vruj and
Q2 = uiv′1 . . . v′su be the shortest paths fromw to uj, and from ui to u, respectively, it is clear that u 6∈ V (Q1) andw 6∈ V (Q2).
Then the sequence of vertices
(w, u)(v1, u) · · · (vr , u)(uj, u)(uj, u1) · · · (uj, ui)(uj, ui+1)
(ui, ui+1)(ui, ui+2) · · · (ui, um−1)(ui, w)(v′1, w) · · · (v′s, w)(u, w)
is a walk in S2(D) from (w, u) to (u, w). Otherwise, wum−1 . . . u2u1u is only one path in D from w to u. Note that D is not
symmetric. There is a k-cycle γ in Dwith k ≥ 3 such that γ has at least one vertex which is not in P . Let γ = x1x2 . . . xk and
xj be not in P . Take R = ww′′1w′′2 . . . w′′t u to be the shortest walk in D from w to u such that R contains all vertices of γ , and
letw′′i = xj.
If {u, w} ∩ {w′′1 , w′′2 , . . . , w′′t } = φ, then the sequence of vertices
(w, u)(w′′1 , u) · · · (w′′i , u)(w′′i , u1) · · · (w′′i , um−1)(w′′i , w)(w′′i+1, w) · · · (w′′t , w)(u, w)
is a walk in S2(D) from (w, u) to (u, w).
If {u, w} ∩ {w′′1 , w′′2 , . . . , w′′t } 6= φ, without loss of generality, we assume that {u, w} ∩ {w′′1 , w′′2 , . . . , w′′t } = {w}, and
w′′l = w. Then the sequence of vertices
(w, u)(w, u1) · · · (w, um−1)(w′′1 , um−1)(w′′1 , w)(w′′2 , w)(w′′2 , w′′1)(w′′3 , w′′1)
(w′′3 , w
′′
2) · · · (w′′l , w′′l−1)(um−1, w′′l−1)(um−1, w) · · · (u1, w)(u, w)
is a walk in S2(D) from (w, u) to (u, w).
The lemma now follows. 
By a similar proof method to Lemma 4.3, we can obtain the following.
Lemma 4.4. Let D be a strongly connected digraph of order n (n ≥ 3), and not the double directed path of length n. Let u, v, w
be three distinct vertices of D. Then there is a walk in S2(D) from (u, w) to (v,w).
Lemma 4.5. Let D be a strongly connected digraph of order n (n ≥ 3), and not the double directed path of length n. Let (u, v)
and (x, y) be two vertices of S2(D) with u 6= x and v 6= y. Then there is a walk from (u, v) to (x, y) in S2(D).
Proof. By Lemmas 4.3 and 4.4, there is a walk from (u, v) to (x, v), and there is a walk from (x, v) to (x, y) in S2(D). Thus
there is a walk from (u, v) to (x, y) in S2(D). 
Lemmas 4.3–4.5 and Example 2.2 immediately yield the following.
Theorem 4.6. Let D be a strongly connected digraph of order n (n ≥ 3). Then S2(D) is strongly connected if and only if D is not
the double directed path of length n.
5. Primitivity of the double vertex digraph
In this section, we study the primitivity of a double vertex digraph. The example below expresses that the double vertex
digraph S2(D) of a primitive digraph D is not necessarily primitive.
Example 5.1. Let D be a double directed cycle with n ≥ 3 vertices. Clearly, D is primitive if n is odd. Since all the cycle
lengths of S2(D) are even by Theorem 3.6, the double vertex digraph S2(D) is not primitive for any n ≥ 3.
The following two lemmas give the relationship on the cycle lengths between a digraph and its double vertex digraph.
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Lemma 5.2. Let D be a digraph of order n, and C = v1v2 . . . vk be a k-cycle of D. Then the following properties hold.
(1) If k < n, then, for any x ∈ V (D) \ {v1, v2, . . . , vk} and 1 ≤ i ≤ k, the vertex (x, vi) (respectively, (vi, x)) is in a k-cycle
of S2(D).
(2) For 1 ≤ i, j ≤ k and i 6= j, the vertex (vi, vj) is in a 2k-cycle of S2(D).
Proof. (1) Let x be not in C . Then the sequence of vertices
(x, v1)(x, v2) · · · (x, vk−1)(x, vk)(x, v1)
is a k-cycle in S2(D) containing the vertex (x, vi), and the sequence of vertices
(v1, x)(v2, x) · · · (vk−1, x)(vk, x)(v1, x)
is a k-cycle in S2(D) containing the vertex (vi, x).
(2) Without loss of generality, we assume that i < j. It is not difficult to verify that the sequence of vertices
(vi, vj)(vi, vj+1) · · · (vi, vk)(vi+1, vk) · · · (vk−1, vk)(vk−1, v1) · · · (vk−1, vj)(vk, vj)(v1, vj) · · · (vi, vj)
is a 2k-cycle in S2(D) containing the vertex (vi, vj).
The lemma now follows. 
Lemma 5.3. Let D be a digraph and S2(D) be the double vertex digraph of D. If there is an r-cycle in S2(D), then there is an r-cycle
in D, or there are some cycles with lengths r1, r2, . . . , rs, respectively, in D such that r1 + r2 + · · · + rs = r.
Proof. By Lemma 4.1, the lemma is clear. 
Lemma 5.4. Let ri and sj be positive integers for i = 1, . . . , k and j = 1, . . . , l. If gcd(r1, . . . , rk, s1 + · · · + sl) = 1, then
gcd(r1, . . . , rk, s1, . . . , sl) = 1.
Proof. If gcd(r1, . . . , rk, s1, . . . , sl) = t > 1, then t | ri for i = 1, 2, . . . , k, and t | sj for j = 1, . . . , l. So t | s1 + · · · + sl. It
implies that gcd(r1 + s1, r2 + s2, . . . , rk + sk) ≥ t , a contradiction. The lemma holds. 
Theorem 5.5. Let D be a digraph of order n, and L(D) be the set of distinct cycle lengths of D. Then S2(D) is primitive if and only
if D is primitive and L(D) 6= {2, n}.
Proof. Necessity. Let S2(D) be primitive. Then S2(D) is strongly connected and the greatest common divisor of all the cycle
lengths of S2(D) is 1. By Corollary 4.2 and Lemmas 5.3 and 5.4, D is also strongly connected, and the greatest common divisor
of all the cycle lengths of D is 1. It implies that D is primitive, and so the necessity holds.
Sufficiency. Let D be primitive. Then D is strongly connected and the greatest common divisor of all the cycle lengths of
D is 1. Clearly, S2(D) is strongly connected by Theorem 4.6. Let L(D) = {r1, r2, . . . , rk}with r1 < r2 < · · · < rk, and L(S2(D))
be the set of distinct cycle lengths of S2(D). If rk < n, then by Lemma 5.2, L(D) ⊆ L(S2(D)), and so the greatest common
divisor of all the cycle lengths of S2(D) is 1. If rk = n, then rk−1 > 2 from the hypothesis, and {r1, r2, . . . , rk−1} ⊆ L(S2(D))
by Lemma 5.2. Let C1 and C2 be the n-cycle and rk−1-cycle of D. Note that each vertex of C2 is a vertex of C1. Without loss
of generality, we assume that C1 = v1v2 . . . vn, C2 = u1u2 . . . urk−1 , urk−1 = vn−1 and vn 6∈ V (C2). It is easy to see that the
sequence of vertices
(vn, vn−1)(v1, vn−1) · · · (vn−2, vn−1)(vn−2, u1)(vn−1, u1)(vn, u1)(vn, u2) · · · (vn, urk−1−1)(vn, vn−1)
is a cycle in S2(D) with length n + rk−1, that is, n + rk−1 ∈ L(S2(D)). Thus {r1, r2, . . . , rk−1, rk + rk−1} ⊆ L(S2(D)). Since
gcd(r1, r2, . . . , rk−1, rk) = 1, we have that gcd(r1, r2, . . . , rk−1, rk + rk−1) = 1. It implies that the greatest common divisor
of all the cycle lengths of S2(D) is 1. Then S2(D) is primitive, and so the sufficiency holds. 
6. A special digraph —Wielandt digraph
The Wielandt digraph (as in Fig. 5) of order n ≥ 3 is the digraph with vertices 1, 2, . . . , n consisting of the cycle
1 → 2 → 3 · · · → n → 1 and the arc n → 2. It is known [6] that, up to isomorphism, the Wielandt digraph of order
n has the largest exponent of primitive digraphs on n vertices, and that this exponent is n2 − 2n+ 2.
In this section, we consider the primitivity and the exponent of the double vertex digraph S2(Wn) of theWielandt digraph
Wn. The main theorem of this section is Theorem 6.8.
We need some notations and techniques of graph theory. Let {s1, s2, . . . , sp} be a set of relatively prime positive integers.
The Frobenius number, φ(s1, s2, . . . , sp), is the least integer such that the equation x1s1 + x2s2 + · · · + xpsp = m has a
nonnegative integral solution x1, x2, . . . , xp for allm ≥ φ(s1, s2, . . . , sp).
Let D be a digraph, and L(D) the set of distinct cycle lengths of D. For any x, y ∈ V (D) and R = {a1, a2, . . . , ar} ⊆ L(D)
with gcd(a1, a2, . . . , ar) = 1, the relative distance dR(x, y) from x to y is defined to be the length of the shortest walk from x
to ywhich meets at least one cycle of each length ai, i = 1, 2, . . . , r . We have Lemma 6.1 obviously.
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Fig. 5. Wielandt digraphWn .
Lemma 6.1. Let D be the primitive digraph, and R = {a1, a2, . . . , ar} ⊆ L(D)with gcd(a1, a2, . . . , ar) = 1. For any x, y ∈ V (D),
and m ≥ dR(x, y)+ φ(a1, a2, . . . , ar), there is a walk in D from x to y with length m.
Lemma 6.2. Let Wn be the Wielandt digraph of order n ≥ 4. Then the following properties hold.
(1) For any 2 ≤ i ≤ n, the vertices (1, i) and (i, 1) are in some (n− 1)-cycles of S2(Wn).
(2) For any 2 ≤ i, j ≤ n and i 6= j, the vertex (i, j) is in a (2n− 2)-cycle of S2(Wn).
(3) All vertices of S2(Wn) are in some (2n− 1)-cycles and 2n-cycles of S2(Wn).
(4) Each of the (2n− 1)-cycles and 2n-cycles of S2(Wn) contains at least one vertex of some (n− 1)-cycle of S2(Wn).
Proof. (1) Take
C1 = (1, 2)(1, 3) · · · (1, n)(1, 2),
C2 = (2, 1)(3, 1) · · · (n, 1)(2, 1).
Then C1 and C2 are two (n − 1)-cycles of S2(Wn), and they contain all vertices (1, i) and (i, 1) for i = 2, 3, . . . , n. Then (1)
holds.
(2) Since 2→ 3→ · · · → n→ 2 is an (n− 1)-cycle ofWn, it is clear by Lemma 5.2 that for any 2 ≤ i, j ≤ n and i 6= j,
the vertex (i, j) is in a (2n− 2)-cycle of S2(Wn).
(3) Let (i, j) be a vertex of S2(Wn). Without loss of generality, we assume i < j.
If i = 1, then the sequences of vertices
(1, j)(1, j+ 1) · · · (1, n)(2, n) · · · (n− 1, n)(n− 1, 2)(n, 2)(1, 2) · · · (1, j),
and
(1, j)(1, j+ 1) · · · (1, n)(2, n) · · · (n− 1, n)(n− 1, 1)(n− 1, 2)(n, 2)(1, 2) · · · (1, j)
are a (2n− 1)-cycle and a 2n-cycle, respectively, in S2(Wn) containing the vertex (i, j).
If i > 1, then the sequences of vertices
(i, j)(i, j+ 1) · · · (i, n)(i, 1)(i+ 1, 1) · · · (n, 1)(n, 2)(n, 3)(2, 3) · · · (2, j)(3, j) · · · (i, j),
and
(i, j)(i, j+ 1) · · · (i, n)(i, 1)(i+ 1, 1) · · · (n, 1)(n, 2)(1, 2)(1, 3) · · · (1, j)(2, j) · · · (i, j),
are a (2n− 1)-cycle and a 2n-cycle, respectively, in S2(Wn) containing the vertex (i, j). Then (3) holds.
(4) LetD be the digraph obtained fromWn by deleting the vertex 1. If S2(D) has an r-cycle, then r = k(n−1) by Lemma5.3,
where k is a positive integer. So S2(D) has no (2n− 1)-cycles and 2n-cycles. Thus each of the (2n− 1)-cycles and 2n-cycles
of S2(Wn) contains at least one vertex having the form (1, i) or (i, 1) (2 ≤ i ≤ n). So (4) holds from (1). 
We remark that Lemma 6.2 implies {n− 1, 2n− 2, 2n− 1, 2n} ⊆ L(S2(Wn)).
Lemma 6.3. For n ≥ 4, gcd(n− 1, 2n− 1, 2n) = 1, and
φ(n− 1, 2n− 1, 2n) =
{
n2 − 2n+ 1, if n is odd,
n2 − 3n+ 2, if n is even.
Proof. Since gcd(n− 1, 2n− 1) = 1, it is clear that gcd(n− 1, 2n− 1, 2n) = 1.
Note that φ(n− 1, 2n− 1, 2n) ≤ φ(n− 1, 2n− 1) = 2n2 − 6n+ 4. Denote
h(n) =
{
n2 − 2n+ 1, if n is odd,
n2 − 3n+ 2, if n is even.
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We first prove that the equation
x1(n− 1)+ x2(2n− 1)+ x3(2n) = m (6.1)
has a nonnegative integral solution x1, x2, x3 for all integers h(n) ≤ m ≤ 2n2 − 5n.
Case 1.m = 2n2 − knwith 5 ≤ k ≤ n+ 1.
Since (k − 1)(n − 1) + (n − k + 1)(2n − 1) = 2n2 − kn, Eq. (6.1) has a nonnegative integral solution x1 = k − 1,
x2 = n− k+ 1, x3 = 0.
Case 2.m = 2n2 − kn− ywith k even, 6 ≤ k ≤ n+ 1 and 1 ≤ y ≤ n− k2 .
Clearly, y(2n − 1) + (n − y − k2 )(2n) = 2n2 − kn − y. Note n − y − k2 ≥ 0. Then Eq. (6.1) has a nonnegative integral
solution x1 = 0, x2 = y, x3 = n− y− k2 .
Case 3.m = 2n2 − kn− ywith k even, 6 ≤ k ≤ n+ 1 and n− k2 + 1 ≤ y ≤ n− 1.
Clearly, (2y+ k− 2n)(n− 1)+ (2n− y− k)(2n− 1) = 2n2 − kn− y. Note 2y+ k− 2n ≥ 2 and 2n− y− k ≥ 0. Then
Eq. (6.1) has a nonnegative integral solution x1 = 2y+ k− 2n, x2 = 2n− y− k, x3 = 0.
Case 4.m = 2n2 − kn− ywith k odd, 5 ≤ k ≤ n+ 1 and 1 ≤ y ≤ n− k−12 .
Clearly, (n − 1) + (y − 1)(2n − 1) + (n − y − k−12 )(2n) = 2n2 − kn − y. Note n − y − k−12 ≥ 0. Then Eq. (6.1) has a
nonnegative integral solution x1 = 1, x2 = y− 1, x3 = n− y− k−12 .
Case 5.m = 2n2 − kn− ywith k odd, 5 ≤ k ≤ n+ 1 and n− k−12 + 1 ≤ y ≤ n− 1.
Clearly, (2y+ k− 2n)(n− 1)+ (2n− y− k)(2n− 1) = 2n2 − kn− y. Note 2y+ k− 2n ≥ 3 and 2n− y− k ≥ 0. Then
Eq. (6.1) has a nonnegative integral solution x1 = 2y+ k− 2n, x2 = 2n− y− k, x3 = 0.
Case 6.m = n2 − 2n− ywith n even and 0 ≤ y ≤ n− 2.
If y is even, noticing that y(n− 1)+ n−y−22 (2n) = n2 − 2n− y, then Eq. (6.1) has a nonnegative integral solution x1 = y,
x2 = 0, x3 = n−y−22 . If y is odd, noticing that (y − 1)(n − 1) + (2n − 1) + n−y−32 (2n) = n2 − 2n − y, then Eq. (6.1) has a
nonnegative integral solution x1 = y− 1, x2 = 1, x3 = n−y−32 .
Combining Cases 1–6, we have that Eq. (6.1) has a nonnegative integral solution x1, x2, x3 for all integers h(n) ≤ m ≤
2n2 − 5n. Notice 2n2 − 5n ≥ 2n2 − 6n+ 4. It implies that φ(n− 1, 2n− 1, 2n) ≤ h(n).
Next, we prove that when n is odd, φ(n − 1, 2n − 1, 2n) = h(n) = n2 − 2n + 1, that is, Eq. (6.1) has no nonnegative
integral solution x1, x2, x3 form = n2 − 2n.
If there exist nonnegative integers x1, x2 and x3 such that
x1(n− 1)+ x2(2n− 1)+ x3(2n) = n2 − 2n,
then
(x1 + 2x2 + 2x3)n− (x1 + x2) = n(n− 2).
Thus the number x1 + x2 is zero or a multiples of n. If x1 + x2 = 0, then x1 = 0 and x2 = 0. So 2x3 = n− 2, a contradiction
to the fact that n is odd. We now assume that x1 + x2 = kn, where k is a positive integer. Thus
kn+ x2 + 2x3 − k = n− 2. (6.2)
Note that kn+ x2 + 2x3 − k ≥ n− 1. Then (6.2) does not hold. Therefore φ(n− 1, 2n− 1, 2n) = h(n) = n2 − 2n+ 1 when
n is odd.
Lastly, we prove that when n is even, φ(n − 1, 2n − 1, 2n) = h(n) = n2 − 3n + 2, that is, Eq. (6.1) has no nonnegative
integral solution x1, x2, x3 form = n2 − 3n+ 1.
If there exist the nonnegative integers x1, x2 and x3 such that
x1(n− 1)+ x2(2n− 1)+ x3(2n) = n2 − 3n+ 1,
then
(x1 + 2x2 + 2x3)n− (x1 + x2 + 1) = n(n− 3).
Thus the number x1 + x2 + 1 must be a multiple of n. We assume that x1 + x2 + 1 = kn, where k is a positive integer. Thus
kn+ x2 + 2x3 − (k+ 1) = n− 3. (6.3)
Note that kn+ x2 + 2x3 − (k+ 1) ≥ n− 2. Then (6.3) does not hold. Therefore φ(n− 1, 2n− 1, 2n) = h(n) = n2 − 3n+ 2
when n is even. 
Lemma 6.4. Let Wn be the Wielandt digraph of order n ≥ 4, and
l(n) =
{
n2 − 3, if n is even,
n2 − 1, if n is odd.
Let (u, v) and (x, y) be two vertices (not necessarily distinct) of S2(Wn), and P be a walk in S2(Wn) from (u, v) to (x, y) with
length d(P). If 0 ≤ d(P) ≤ 3n− 5 with d(P) 6= 2n− 4 and d(P) 6= 2n− 1, then there is a walk in S2(Wn) from (u, v) to (x, y)
with length l(n).
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Proof. We consider the following five cases.
Case 1. d(P) = 0.
Clearly, u = x and v = y. If n is odd, then the walk that starts at vertex (u, v), goes around a 2n-cycle 12 (n − 1) times,
and an (n− 1)-cycle, is a walk from (u, v) to (u, v)with length n2− 1. If n is even, then the walk that starts at vertex (u, v),
goes around a (2n − 1)-cycle, a 2n-cycle 12 (n − 4) times, and an (n − 1)-cycle 2 times, is a walk from (u, v) to (u, v) with
length n2 − 3.
Case 2. 1 ≤ d(P) ≤ n− 2.
If n is even and d(P) is odd, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a 2n-cycle 12 (n− d(P)− 3) times, and a (2n− 2)-cycle 12 (d(P)+ 3) times (or an (n− 1)-cycle (d(P)+ 3) times), is
a walk from (u, v) to (x, y)with length n2 − 3.
If both n and d(P) are even, and d(P) 6= n − 2, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and
along the way goes around a (2n − 1)-cycle, a 2n-cycle 12 (n− d(P)− 4) times, and an (n− 1)-cycle (d(P)+ 2) times, is a
walk from (u, v) to (x, y)with length n2 − 3.
If n is even and d(P) = n− 2, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a 2n-cycle 12 (n− 2) times, and an (n− 1)-cycle, is a walk from (u, v) to (x, y)with length n2 − 3.
If n is odd and d(P) is even, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a 2n-cycle 12 (n− d(P)− 1) times, and an (n− 1)-cycle (d(P)+ 1) times, is a walk from (u, v) to (x, y)with length
n2 − 1.
If both n and d(P) are odd, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a (2n − 1)-cycle, a 2n-cycle 12 (n − d(P) − 2) times, and an (n − 1)-cycle d(P) times, is a walk from (u, v) to (x, y)
with length n2 − 1.
Case 3. d(P) = n− 1.
If n is odd, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes around a 2n-cycle
1
2 (n−1) times, is a walk from (u, v) to (x, y)with length n2−1. If n is even, then thewalk that starts at vertex (u, v), follows
P to vertex (x, y) and along the way goes around a (2n− 1)-cycle, a 2n-cycle 12 (n− 4) times, and an (n− 1)-cycle, is a walk
from (u, v) to (x, y)with length n2 − 3.
Case 4. n ≤ d(P) ≤ 2n− 2 and d(P) 6= 2n− 4.
If n is odd, and d(P) is odd, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a (2n− 1)-cycle, a 2n-cycle 12 (2n− d(P)− 3) times, and an (n− 1)-cycle (d(P)− n) times, is a walk from (u, v) to
(x, y)with length n2 − 1.
If n is odd, and d(P) is even, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a (2n− 2)-cycle 12 (d(P)− n+ 1) times (or an (n− 1)-cycle (d(P)− n+ 1) times), and a 2n-cycle 12 (2n− d(P)− 2)
times, is a walk from (u, v) to (x, y)with length n2 − 1.
If n is even, and d(P) = 2n − 2, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way
goes around a (2n− 1)-cycle, and a 2n-cycle 12 (n− 4) times, is a walk from (u, v) to (x, y)with length n2 − 3.
If n is even, and d(P) = 2n − 3, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way
goes around a 2n-cycle 12 (n− 2) times, is a walk from (u, v) to (x, y)with length n2 − 3.
If n is even, and d(P) is odd with n ≤ d(P) ≤ 2n− 5, then the walk that starts at vertex (u, v), follows P to vertex (x, y)
and along the way goes around a (2n − 1)-cycle, a 2n-cycle 12 (2n − d(P) − 5) times, and an (n − 1)-cycle (d(P) − n + 2)
times, is a walk from (u, v) to (x, y)with length n2 − 3.
If n is even, and d(P) is even with n ≤ d(P) ≤ 2n− 6, then the walk that starts at vertex (u, v), follows P to vertex (x, y)
and along the way goes around a 2n-cycle 12 (2n− d(P)− 4) times, and an (n− 1)-cycle (d(P)− n+ 3) times, is a walk from
(u, v) to (x, y)with length n2 − 3.
Case 5. 2n ≤ d(P) ≤ 3n− 5.
If both n and d(P) are odd, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a (2n − 1)-cycle, a 2n-cycle 12 (3n − 4 − d(P)) times, and an (n − 1)-cycle (d(P) − 2n) times, is a walk from (u, v)
to (x, y)with length n2 − 1.
If n is odd, and d(P) is even, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a 2n-cycle 12 (3n− 3− d(P)) times, and an (n− 1)-cycle (d(P)− 2n+ 1) times, is a walk from (u, v) to (x, y)with
length n2 − 1.
If n is even, and d(P) is odd, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a 2n-cycle 12 (3n− d(P)− 5) times, and a (2n− 2)-cycle 12 (d(P)− 2n+ 3) times (or an (n− 1)-cycle (d(P)− 2n+ 3)
times), is a walk from (u, v) to (x, y)with length n2 − 3.
If both n and d(P) are even, then the walk that starts at vertex (u, v), follows P to vertex (x, y) and along the way goes
around a (2n − 1)-cycle, a 2n-cycle 12 (3n − d(P) − 6) times, and a (2n − 2)-cycle 12 (d(P) − 2n + 2) times, is a walk from
(u, v) to (x, y)with length n2 − 3.
This completes the proof. 
In order to give the exponent of S2(Wn), we still need the following three lemmas.
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Lemma 6.5. Let D be a digraph, and C = v1v2 . . . vkv1 be a k-cycle of D with k ≥ 3. Then for any 1 ≤ i, j ≤ k and i 6= j, there
is a path in S2(D) from (vi, vj) to (vj, vi) with length k.
Proof. Without loss of generality, we assume that i < j.
If i < j− 1, then the sequence of vertices
(vi, vj)(vi+1, vj) · · · (vj−1, vj)(vj−1, vj+1) · · · (vj−1, vi)(vj, vi)
is a path in S2(D) from (vi, vj) to (vj, vi)with length k, where vk+1 = v1.
If i = j− 1, then the sequence of vertices
(vi, vj)(vi, vj+1)(vj, vj+1)(vj, vj+2) · · · (vj, vi)
is a path in S2(D) from (vi, vj) to (vj, vi)with length k, where vk+1 = v1 and vk+2 = v2. 
Lemma 6.6. Let Wn be the Wielandt digraph of order n ≥ 4, x, y and z be three distinct vertices, and their relative positions
on the n-cycle counter-clockwise be x, y, z. Then there are two paths in S2(Wn) from (x, z) to (x, y) with lengths k and k + 1,
respectively, such that n ≤ k ≤ 2n− 2.
Proof. Consider the following four cases.
Case 1. 1 6∈ {x, y, z}.
By Lemma 6.5 there are two paths in S2(Wn) from (x, z) to (z, x) with lengths n − 1 and n, respectively. Note that the
sequence of vertices
(z, x)(z, x+ 1) · · · (z, y)(z + 1, y) · · · (x, y)
is a path in S2(D) from (z, x) to (x, y) with length dWn(z, y). Clearly, 2 ≤ dWn(z, y) ≤ n − 2. Then there are two paths in
S2(Wn) from (x, z) to (x, y)with lengths k and k+ 1, respectively, such that n+ 1 ≤ k ≤ 2n− 2.
Case 2. x = 1.
It is easy to see that the sequences of vertices
(x, z) · · · (x, n)(2, n)(3, n)(3, 2)(4, 2) · · · (n, 2)(x, 2) · · · (x, y)
and
(x, z) · · · (x, n)(2, n)(3, n)(3, 1)(3, 2)(4, 2) · · · (n, 2)(x, 2) · · · (x, y)
are two paths in S2(D) from (x, z) to (x, y) with lengths n − 1 + dWn(z, y) and n + dWn(z, y), respectively. Note that
1 ≤ dWn(z, y) ≤ n− 2. Then the lemma holds.
Case 3. y = 1.
It is easy to see that the sequences of vertices
(x, z) · · · (n, z)(n, z + 1) · · · (n, n− 1)(2, n− 1)(2, n)(2, y)(3, y) · · · (x, y)
and
(x, z) · · · (n, z)(n, z + 1) · · · (n, n− 1)(1, n− 1)(2, n− 1)(2, n)(2, y)(3, y) · · · (x, y)
are two paths in S2(D) from (x, z) to (x, y) with lengths n − 1 + dWn(z, y) and n + dWn(z, y), respectively. Note that
2 ≤ dWn(z, y) ≤ n− 1. Then the lemma holds.
Case 4. z = 1.
It is easy to see that the sequences of vertices
(x, z)(x+ 1, z) · · · (n, z)(n, 2)(n, 3)(2, 3) · · · (2, y) · · · (x, y)
and
(x, z)(x+ 1, z) · · · (n, z)(n, 2)(n, 3)(1, 3)(2, 3) · · · (2, y) · · · (x, y)
are two paths in S2(D) from (x, z) to (x, y) with lengths n − 1 + dWn(z, y) and n + dWn(z, y), respectively. Note that
2 ≤ dWn(z, y) ≤ n− 1. Then the lemma holds.
This completes the proof. 
By a similar method to the proof of Lemma 6.6, the following lemma is clear.
Lemma 6.7. Let Wn be the Wielandt digraph of order n ≥ 4, x, y and z be three distinct vertices, and their relative positions
on the n-cycle counter-clockwise be x, y, z. Then there are two paths in S2(Wn) from (x, y) to (z, y) with lengths k and k + 1,
respectively, such that n ≤ k ≤ 2n− 2.
We now give the main theorem of this section.
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Theorem 6.8. Let Wn be the Wielandt digraph of order n ≥ 4. Then S2(Wn) is primitive, and
exp(S2(Wn)) =
{
n2 − 3, if n is even,
n2 − 1, if n is odd. (6.4)
Proof. The primitivity of S2(Wn) is clear by Theorem 4.6 and Lemma 6.2.
Take R = {n− 1, 2n− 1, 2n}, and
l(n) =
{
n2 − 3, if n is even,
n2 − 1, if n is odd.
We first prove that for each ordered pair (u, v), (x, y) of vertices of S2(Wn), there is a walk in S2(Wn) from (u, v) to (x, y)
with length l(n). Consider the following three cases.
Case 1. |{u, v, x, y}| = 2.
Subcase 1.1. u = x and v = y.
By Lemma 6.4, there is a walk in S2(Wn) from (u, v) to (u, v)with length l(n).
Subcase 1.2. u = y and v = x.
Clearly, dR((u, v), (v, u)) ≤ n by Lemma 6.5. By Lemmas 6.1 and 6.3, there is a walk in S2(Wn) from (u, v) to (v, u)with
length l(n).
Case 2. |{u, v, x, y}| = 3.
Subcase 2.1. u = x and v 6= y (or v = y and u 6= x).
We consider the following cases according to their relative positions on the n-cycle ofWn.
Subcase 2.1.1. The vertices u, v and y on the n-cycle counter-clockwise are u, v, y.
Let P be the shortest path in S2(Wn) from (u, v) to (u, y). Clearly, the length d(P) of P satisfies that 1 ≤ d(P) ≤ n− 2. By
Lemma 6.4, there is a walk in S2(Wn) from (u, v) to (u, y)with length l(n).
Subcase 2.1.2. The vertices u, v and y on the n-cycle counter-clockwise are u, y, v.
From the proof of Lemma 6.6, dR((u, v), (u, y)) ≤ 2n − 2. By Lemmas 6.1 and 6.3, there is a walk in S2(Wn) from (u, v)
to (u, y)with length l(n).
Subcase 2.2. u = y and v 6= x (or v = x and u 6= y).
We consider the following cases according to their relative positions on the n-cycle ofWn.
Subcase 2.2.1. The vertices u, v and x on the n-cycle counter-clockwise are u, x, v.
Let P = P1 + P2, where P1 and P2 are the shortest paths from (u, v) to (x, v), and (x, v) to (x, u), respectively. Then P is a
walk from (u, v) to (x, u). If 1 ∈ {u, v, x}, then the length of P does not exceed n− 1, so dR((u, v), (x, y)) ≤ n− 1, and there
is a walk in S2(Wn) from (u, v) to (x, y) with length l(n) by Lemmas 6.1 and 6.3. If 1 6∈ {u, v, x}, then the length of P does
not exceed n− 2, and so, by Lemma 6.4, there is a walk in S2(Wn) from (u, v) to (x, y)with length l(n).
Subcase 2.2.2. The vertices u, v and x on the n-cycle counter-clockwise are u, v, x.
Then dR((u, v), (x, u)) ≤ dR((u, v), (v, u))+dS2(Wn)((v, u), (x, u)) ≤ n+ (n−2) = 2n−2. By Lemmas 6.1 and 6.3, there
is a walk in S2(Wn) from (u, v) to (x, u)with length l(n).
Case 3. |{u, v, x, y}| = 4.
We consider the following cases according to their relative positions on the n-cycle ofWn.
Subcase 3.1. Four vertices u, v, x and y on the n-cycle counter-clockwise are u, x, y, v.
Let P = P1 + P2, where P1 is the shortest path in S2(Wn) from (u, v) to (x, v), and P2 is a path in S2(Wn) from(x, v) to
(x, y). We use d(P), d(P1) and d(P2) to denote the lengths of P , P1 and P2, respectively. Then P is a walk from (u, v) to (x, y)
with length d(P) = d(P1)+ d(P2). It is not difficult to verify that 1 ≤ d(P1) ≤ n− 3. By Lemma 6.6, we can choose P2 such
that n+ 1 ≤ d(P) ≤ 3n− 5, d(P) 6= 2n− 1 and d(P) 6= 2n− 4. By Lemma 6.4, there is a walk in S2(Wn) from (u, v) to (x, y)
with length l(n).
Subcase 3.2. Four vertices u, v, x and y on the n-cycle counter-clockwise are u, y, x, v.
Let P = P1 + P2, where P1 and P2 are the shortest paths in S2(Wn) from (u, v) to (x, v), and (x, v) to (x, y), respectively.
We use d(P), d(P1) and d(P2) to denote the lengths of P , P1 and P2, respectively. Then P is a walk from (u, v) to (x, y) with
length d(P) = d(P1)+ d(P2). If 1 ∈ {u, v, x, y}, then it is not difficult to verify that 2 ≤ d(P1) ≤ n− 2, 2 ≤ d(P2) ≤ n− 2,
and dR((u, v), (x, y)) = d(P) ≤ 2n − 4. By Lemmas 6.1 and 6.3, there is a walk in S2(Wn) from (u, v) to (x, y) with length
l(n). If 1 6∈ {u, v, x, y}, then 2 ≤ d(P1) ≤ n− 3 and 2 ≤ d(P2) ≤ n− 3, so 4 ≤ d(P) ≤ 2n− 6. By Lemma 6.4, there is a walk
in S2(Wn) from (u, v) to (x, y)with length l(n).
Subcase 3.3. Four vertices u, v, x and y on the n-cycle counter-clockwise are u, x, v, y.
Clearly, dS2(Wn)((u, v), (x, y)) ≤ dS2(Wn)((u, v), (u, y)) + dS2(Wn)((u, y), (x, y)) ≤ n − 2. Then by Lemma 6.4, there is a
walk in S2(Wn) from (u, v) to (x, y)with length l(n).
Subcase 3.4. Four vertices u, v, x and y on the n-cycle counter-clockwise are u, y, v, x.
Then dR((u, v), (x, y)) ≤ dR((u, v), (v, u))+ dS2(Wn)((v, u), (v, y))+ dS2(Wn)((v, y), (x, y)) ≤ n+ (n− 2) = 2n− 2. By
Lemmas 6.1 and 6.3, there is a walk in S2(Wn) from (u, v) to (x, y)with length l(n).
Subcase 3.5. Four vertices u, v, x and y on the n-cycle counter-clockwise are u, v, y, x.
Let P = P1 + P2, where P1 is the shortest path in S2(Wn) from (u, v) to (u, y), and P2 is a path in S2(Wn) from(u, y) to
(x, y). We use d(P), d(P1) and d(P2) to denote the lengths of P , P1 and P2, respectively. Then P is a walk from (u, v) to (x, y)
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with length d(P) = d(P1)+ d(P2). It is not difficult to verify that 1 ≤ d(P1) ≤ n− 3. By Lemma 6.7, we can choose P2 such
that n+ 1 ≤ d(P) ≤ 3n− 5, d(P) 6= 2n− 1 and d(P) 6= 2n− 4. By Lemma 6.4, there is a walk in S2(Wn) from (u, v) to (x, y)
with length l(n).
Subcase 3.6. Four vertices u, v, x and y on the n-cycle counter-clockwise are u, v, x, y.
Let P = P1 + P2, where P1 and P2 are the shortest paths in S2(Wn) from (u, v) to (u, y), and (u, y) to (x, y), respectively.
Then P is a walk from (u, v) to (x, y). We denote by d(P) the length of P . If 1 ∈ {u, v, x, y}, then dR((u, v), (x, y)) = d(P) ≤
2n − 4. By Lemmas 6.1 and 6.3, there is a walk in S2(Wn) from (u, v) to (x, y) with length l(n). If 1 6∈ {u, v, x, y}, then
d(P) ≤ 2n− 6, so there is a walk in S2(Wn) from (u, v) to (x, y)with length l(n) from Lemma 6.4.
To combine the above discussions, we have that exp(S2(Wn)) ≤ l(n).
On the other hand, we show that there does not exist a walk in S2(Wn) from (1, 2) to (n, 1)with length n2 − 2 for odd n
and from (1, 2) to (n, n− 1)with length n2 − 4 for even n respectively.
Case 1. n is odd.
Assume to the contrary that there exists a walk in S2(Wn) from (1, 2) to (n, 1) with length n2 − 2. By Lemma 4.1, there
exist walks P1 and P2 inWn from 1 to n and from 2 to 1, respectively, such that d(P1)+ d(P2) = n2 − 2. Since the length of
the only path inWn from 1 to n is n − 1, and the length of the only path inWn from 2 to 1 is n − 1, there are nonnegative
integers ai and bi, i = 1, 2, such that{
d(P1) = n− 1+ a1n+ b1(n− 1),
d(P2) = n− 1+ a2n+ b2(n− 1). (6.5)
So
n2 − 2 = n− 1+ a1n+ b1(n− 1)+ n− 1+ a2n+ b2(n− 1),
that is,
n2 − 2n = (a1 + a2)n+ (b1 + b2)(n− 1). (6.6)
Note that φ(n, n− 1) = n2 − 3n+ 2. Then
φ(n, n− 1)− 1 = (a1 + a2)n+ (b1 + b2 − 1)(n− 1).
If b1 + b2 ≥ 1, then it contradicts the definition of φ(n, n − 1). So b1 = b2 = 0. From (6.6) and (6.5), a1 + a2 = n − 2, P1
consists of the only path from 1 to n and a1 n-cycles, and P2 consists of the only path from 2 to 1 and a2 n-cycles. From the
Wielandt digraphWn, it is easy to see that a1 = a2. But a1 and a2 have different parity from the fact that n − 2 is odd and
a1 + a2 = n− 2. It is a contradiction. Thus there does not exist a walk in S2(Wn) from (1, 2) to (n, 1)with length n2 − 2.
Case 2. n is even.
Assume to the contrary that there exists a walk in S2(Wn) from (1, 2) to (n, n − 1) with length n2 − 4. By Lemma 4.1,
there exist walks P3 and P4 inWn from 1 to n and from 2 to n− 1, respectively, such that d(P3)+ d(P4) = n2 − 4. Since the
length of the only path inWn from 1 to n is n − 1, and the length of the only path inWn from 2 to n − 1 is n − 3, there are
nonnegative integers ai and bi, i = 3, 4, such that{
d(P3) = n− 1+ a3n+ b3(n− 1),
d(P4) = n− 3+ a4n+ b4(n− 1). (6.7)
So
n2 − 4 = n− 1+ a3n+ b3(n− 1)+ n− 3+ a4n+ b4(n− 1),
that is,
n2 − 2n = (a3 + a4)n+ (b3 + b4)(n− 1). (6.8)
Then
φ(n, n− 1)− 1 = (a3 + a4)n+ (b3 + b4 − 1)(n− 1).
If b3 + b4 ≥ 1, then it contradicts the definition of φ(n, n − 1). So b3 = b4 = 0. From (6.8) and (6.7), a3 + a4 = n − 2, P3
consists of the only path from 1 to n and a3 n-cycles, and P4 consists of the only path from 2 to n− 1 and a4 n-cycles. From
the Wielandt digraphWn, it is easy to see that a3 + 1 = a4. But a3 and a4 have the same parity from the fact that n − 2 is
even and a3 + a4 = n − 2. It is a contradiction. Thus there does not exist a walk in S2(Wn) from (1, 2) to (n, n − 1) with
length n2 − 4.
Combining Cases 1 and 2, exp(S2(Wn)) ≥ l(n). Therefore exp(S2(Wn)) = l(n). The theorem holds. 
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